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Keywords:
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quadrature-basedmomentmethods (QBMMs) are a class of methods that solve the PBE by converting the trans-
port equation of the number density function (NDF) into moment transport equations. The unknown source
terms are closed by numerical quadrature. Over the years, manyQBMMs have been developed for different prob-
lems, such as the quadrature method of moments (QMOM), direct quadrature method of moments (DQMOM),
extended quadrature method of moments (EQMOM), conditional quadrature method of moments (CQMOM),
extended conditional quadrature method of moments (ECQMOM) and hyperbolic quadrature method of mo-
ments (HyQMOM). In this paper, we present a comprehensive algorithm review of these QBMMs. The mathe-
matical equations for spatially homogeneous systems with first-order point processes and second-order point
processes are derived indetail. The algorithms are further extended to the inhomogeneous system formultiphase
flows, in which the computational fluid dynamics (CFD) can be coupled with the PBE. The physical limitations
and the challenging numerical problems of these QBMMs are discussed. Possible solutions are also summarized.
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1. Introduction

The population balance model (PBM) can be used to describe the
evolution of a population of particles by the number density function
(NDF) formany different industrial processes, such as gas–liquid disper-
sions [1–14], liquid–liquid dispersions [15–28], gas–particle flows
[29–41], aerosol engineering [42–45], crystallization [46–54], reacting
flows and combustions [55–62], soot formation [63–65], liquid solid dis-
persions [66], and sprays [67–72], to cite just a few. Analysis of the par-
ticulate system seeks to synthesize the behavior of the population of
particles and its environment from the behavior of single particles in
their local environments. Readers who are interested in the numerical
aspects of the industrial processes that are listed above are referred to
the latest works [73–76]. Among researchers, chemical engineers have
put population balances to the most diverse use for multiphase flows
[77]. Applications have covered a wide range of dispersed phase
systems, such as solid–liquid dispersions, gas–liquid, gas–solid, and
liquid–liquid dispersions. Analyses of separation equipment such
as for liquid–liquid extraction, or solid–liquid leaching, and reactor
g Society of China, and Chemical Ind
equipment, such as bioreactors, fluidized bed reactors, and dispersed
phase reactors all involve population balances.

However, due to the complex characteristics of the population bal-
ance equation (PBE), the analytical solution can be acquired only
under a rigid assumption [78–81]. Different numerical methods were
developed and applied to solve the PBE, such as the class method
(CM) [82–84], method of moments (MOM) [85–87], method of
weighted residuals (MWR) [88–91], Monte-Carlo method [92–101], di-
rect quadrature spanning tree (DQST) method [102,103], Lattice
Boltzmann method [50], and method of manufactured solutions
(MMS) [80,104,105] and others [106–108]. Each can be further divided
into sub-methods, such as the higher-order moment conserving
method of classes (HMMC) [109] and cell averaged technique (CAT)
method [110,111] in the CM [54,82–84], and the Taylor-series expan-
sion method of moment (TEMOM) [112–115], finite-size-domain com-
plete set of trial functionsmethod of moments (FCMOM) [116,117] and
moment projection method (MPM) [118,119] in the MOM. Each
method has disadvantages and advantages over the others. For exam-
ple, the CM can provide information on the shape of the NDF. However,
it requires many discretized sections to achieve desirable accuracy,
which is highly computational-resource demanding [77]. The multivar-
iate CM may require more than 10 thousand equations to be solved in
certain cases and the algorithm is cumbersome [6,120]. The MOM can
ustry Press Co., Ltd. All rights reserved.
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predict themean Sauter diameter as accurately as the CM, but the main
drawback is that the NDF can not be predicted directly. However, the
derivative methods that are based on the MOM are very popular due
to their balance between accuracy and computational resource require-
ments, especially when the PBE is coupled with computational fluid dy-
namics (CFD). The derivative methods that are based on the MOM are
shown in Table 1. The algorithms that employ Gaussian quadrature to
close the source terms are grouped into the so-called quadrature-
based moment methods (QBMMs), which distinguish themselves
from others by using the quadrature weights and abscissas to calculate
the unclosed terms.
Table 1
Summary of the moment-based algorithms in the literature

1st level
derivatives

2nd level derivatives

MOM [85] QBMM QMOM [121], DQMOM [127], DQMOM-FC [6],
CQMOM [128], EQMOM [129], ECQMOM [73],
Cumulative QMOM [130], ADQMOM [131],
HyQMOM [132], CHyQMOM [132]

SQMOM [133] OPOSPM [134], MPSPM [135], SM-SQMOM [25]
FCMOM [116]
TEMOM [112] DEMM [136], GTE-MOM [137]
MOMIC [138]
S − γ model [139]
MPM [118]
Hulburt and Kats [85] pioneered thework of developing theMOM to
solve the PBE. TheMOMsolves the PBE by tracking the time dependence
of just the lower-order moments of the NDF, as the lower-order mo-
ments are sufficient for the investigation of the industrial processes by
engineers. This is the point where it differentiates from the CM, in
which the NDF is discretized as sections and each section is transported
according to its own transport equation. The source terms in PBE are
closed by expressing them in terms of the lower-ordermoments. There-
fore, the moment equation system is closed and the computational re-
source requirement is dramatically decreased. However, moment
closure in the MOM requires a rigid restriction on the mathematical
form of the source term, which becomes an obstacle for applying the
MOM to realistic processes.

To eliminate the rigid restriction in the MOM, McGraw [121] devel-
oped the quadrature method of moments (QMOM) to solve the PBE for
growth problems. In the QMOM, the moments of the NDF are approxi-
mated by the n-point Gaussian quadrature, and the NDF can be approx-
imated by the abscissas with a delta function. The abscissas (nodes) and
weights can be calculated from the moments by a moment inversion
algorithm, e.g., the product-difference (PD) algorithm [122] or the
wheeler algorithm [123]. It was shown by McGraw [121] that the
growth term can be easily approximated by Gaussian quadrature and
it does not need to comply with a specific mathematical form. Mean-
while, the prediction of the time evolution of m0 to m5 agrees well
with the analytical solution, with a relative error of less than 0.2%
[121]. The QMOM was then applied to the coagulation problem [124],
and the breakage and coalescence problems [125,126]. Due to the sim-
plicity of the QMOM, it can be easily coupled with a CFD solver.

However, the QMOM is only applicable to univariate distributions
due to the limitations of Gaussian quadrature. To overcome this prob-
lem, Wright et al. [140] proposed a direct-inversion method in the con-
text of particle coalescence and sintering. This method is usually
referred to as the multivariate QMOM or the Brute-force QMOM [73].
Yoon and McGraw [141] developed the Tensor-product QMOM in the
context of aerosolmodeling. Baldyga et al. [142] developed the Gaussian
Cubature (GC) technique for crystallization, aggregation and sintering.
Another method is the direct quadrature method of moments
(DQMOM) which was developed by Marchisio and Fox [127]. The
main feature of the DQMOM is that the primitive variables (weights
and abscissas) are transported instead of the conservative variables
(moments). Therefore, application of the moment inversion algorithm
is not necessary after theweights and abscissas have been found. More-
over, extending the univariate DQMOM to the multivariate DQMOM is
straightforward and it has been applied to different industrial processes
[143–147].

One of the biggest drawbacks of the DQMOM is that it is affected by
problems that are related to the proper conservation of some moments
of theNDFwhen it is coupledwith CFD. These problemswere prevented
by the fully conservative DQMOM algorithm [6]. When the DQMOM is
applied to purely hyperbolic transport equations, it will fail if there are
shocks in the abscissas due to the discontinuity. This situation occurs
most commonly when the velocity is the internal coordinate. For such
cases, only themultivariatemomentmethod appears to be able to over-
come these problems. Thus, the CQMOM [120,128] was proposed for
solving the multivariate system efficiently and accurately. It employs
conditional probability function theory to approximate themultivariate
NDF. The conservative variables (the mixed moments) are transported
and it is more robust than the DQMOM for problems in which shocks
may occur (e.g., the gas velocity can be discontinuous in the Euler
equation).

All the QBMMs that were discussed above only predict a discontinu-
ous NDF, which will lead to problems in some cases. For example, if the
PBE is used to simulate evaporation problems, a term that explains the
loss of particles of zero size appears in the zero-ordermoment equation.
To evaluate this term, the value of the NDF for a zero-size particle is re-
quired. If the QBMM was employed in large eddy simulation (LES)
framework, the velocity dispersion around the velocity abscissa needs
to be captured [148]. One possible solution is to increase substantially
the number of abscissas so that the phase space is adequately
discretized. However, the moment inversion algorithm is not accurate
for N larger than approximately 10 [73]. The QBMMs that were
discussed above will fall due to the discontinuous NDF reconstruction.
To predict the continuous NDF, the EQMOM [129,148] was developed.
It can be viewed as an enhanced version of the QMOM, which employs
an existing kernel density function (KDF) to approximate the NDF.

After the moment transport equations have been solved, the
parameters of the KDF can be calculated and a continuous NDF can
be reconstructed. To calculate the additional unknown variance σ in the
KDF, one additional moment transport equation is necessary. At last, it
should be noted here that the hyperbolic quadraturemethodofmoments
(HyQMOM)was developed recently to circumvent the known disadvan-
tages of the EQMOMwhen it was applied to KE [132]. It can be also com-
bined with the CQMOM for problems with multivariate NDF.

It can be seen that a large variety of QBMMs have been developed in
past works to solve the PBE with univariate NDF or multivariate NDF.
When the method is coupled with CFD for inhomogeneous multiphase
systems, special numerical treatments need to be applied to ensure ro-
bustness and stability. The focus of this paper is to present an algorithm
review for these methods. The advantages and drawbacks of each
QBMM are reviewed in depth and summarized. The remainder of the
work is organized as follows. In Section 2, the algorithm of the QMOM,
DQMOM, EQMOM, CQMOM and ECQMOM for spatially homogeneous
systems is described. In Section 3, the CFD–PBE coupling algorithm
for spatially inhomogeneous multiphase systems is discussed. In
Section 4, the numerical aspects of the spatially transported moments,
such as the boundedness problem, higher-order advection schemes,
realizability of the moments, and reconstructed continuous NDF are in-
vestigated. Finally, conclusions are drawn in Section 5.

2. Algorithms for Spatially Homogeneous Systems

This NDF transport equation in the PBM can be given by different
names. The population balance equation (PBE) is usually used to de-
scribe the evolution of the NDF, namely, n(t,x,ξ), which is independent
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of the velocity but dependent on an internal coordinate vector ξ, which
can be the particle sized or the compositionφ. The kinetic equation (KE)
is usually used to describe the evolution of the NDF, namely, n(t,x,Ud),
in which different velocities of the particles are considered. The KE is
also called the Williams-Boltzmann equation in the field of sprays
[149] and the general particle-dynamic equation in the field of aerosols
[150].When theNDF is dependent on both the velocity and othermeso-
scale variables (e.g., particle size), the governing equation for the NDF
(e.g., n(t,x,ξ,Ud)) is usually called the generalized population balance
equation (GPBE). In this work, we focus on the algorithms of the
QBMMs for the PBE in spatially homogeneous and inhomogeneous sys-
tems. Unless otherwise stated, the internal coordinate is the particle
size.

Consider a single computational volume, as shown in Fig. 1. The NDF
describes the number concentration of particles with sizes between d
and d + dd. Particles can break up into smaller particles or coalesce
with other particles to form larger particles due to movement or exter-
nal forces. The PBE describes the timeevolution of theNDF. According to
Fig. 1, the unknown NDF is a distribution function instead of a vector
value or a scalar value (e.g., U or p). The following PBE governs the evo-
lution of the NDF:

∂n t; x; ξð Þ
∂t

þ ∇x � Udn t; x; ξð Þð Þ þ ∇ξ � ξn t; x; ξð Þð Þ ¼ S; ð1Þ

where n(t,x,ξ) is the NDF; x is the location vector, which is often re-
ferred to as the external coordinate; ξ is the internal coordinate vector;
Ud is the particle's velocity, which is assumed to be known in the PBE;
S is the possible source term, which is often called point processes in
the field of PBM [73];∇x and∇ξ are divergence operators in the physical
and phase spaces, respectively. Eq. (2) can be simplified further for dif-
ferent problems. For example, if only the particle size is included in the
internal coordinate and continuous changes of particle size (the zero-
point processes) can be neglected, Eq. (2) can be written as

∂n dð Þ
∂t

¼ S ð2Þ

for a homogeneous system and

∂n dð Þ
∂t

þ ∇ � Udn dð Þð Þ ¼ S ð3Þ

for an inhomogeneous system (the dependences of n(t,x,ξ) on t and x
are omitted for simplicity). In Eq. (3), Ud is often calculated by a CFD
model. Nevertheless, after the simplification, the exact solution of
Eq. (2) can be only acquired with rigid assumptions on the non-linear
source terms. In the following, different solving methods for a homoge-
neous system are studied in details.
Fig. 1. An example of the NDF in one computational volume.
2.1. MOM

Although the MOM does not belong to the QBMMs since it is not
based on the Gaussian quadrature closure, it is still necessary to discuss
it here because it was the work of Hulburt and Katz [85] in which the
NDF transport equation was first transformed into the moment trans-
port equations. In the MOM, the k-th order moment of the NDF is
defined by the following equations:

mk ¼
Z ∞

0
dkn dð Þdd: ð4Þ

The lower-order moments may have specific physical meanings. For
example, m0 represents the total number concentration,m2 represents
the total particle area, and m3 represents the total particle volume.
The mean particle size can be defined as the ratio mk+1/mk for any
value of k. Usually, the mean Sauter diameter is used, which is defined
bym3/m2. If we multiply the L.H.S. side of Eq. (2) by dk and integrate it
over d, the NDF transport equation is transformed into moment trans-
port equations:

Z ∞

0
dk

∂n
∂t

dd ¼ ∂mk

∂t
¼
Z ∞

0
dkSdd: ð5Þ

Eq. (5) is not closed since the source terms include the unknown
functions. The MOM imposes rigid constraint on the source terms to
approximate them by the moments. Consider a typical zero-order-
process, the growth source term can be written as the following
equation:

S ¼ −
∂φn
∂d

; ð6Þ

where φ is the growth function. If we multiply the R.H.S. of Eq. (6) by
dk and integrate over d, it can be simplified by the following relation-
ship:

−
Z ∞

0

∂φn
∂d

dkdd ¼ −
Z ∞

0
dkd φnð Þ ¼ −dkφn

����
∞

0
þ k

Z ∞

0
φndk−1dd

¼ k
Z ∞

0
φndk−1dd:

ð7Þ

In Eq. (7), dkφn |0∞ equals zero since the tails of the NDF function tend
to zero. By substituting Eq. (7) into Eq. (5), themoment transport equa-
tions with the growth source term can be written as:

∂mk

∂t
¼ k

Z ∞

0
φndk−1dd: ð8Þ

Eq. (8) is not closed either because its R.H.S. depends on the un-
known NDF. However, as reported in the work of Hulburt and Katz
[85], if the growth term has a special shape, such as φ = G/d, where G
is a constant value, Eq. (8) can be written as follows:

∂mk

∂t
¼ kG

Z ∞

0
ndk−2dd ¼ kGmk−2: ð9Þ

For simplicity, but without loss of generality, Eq. (9) can be ex-
panded to the following set of moment equations:

∂m0

∂t
¼ 0;

∂m1

∂t
¼ Gm−1;

∂m2

∂t
¼ Gm0;

∂m3

∂t
¼ Gm1;

ð10Þ
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The systems in Eq. (10) have four equations with five unknown var-
iables. Hulburt and Katz [85] further assumed that the NDF had a special
mathematical form that was parametrized by its moments. For exam-
ple, based on the Gamma distribution, the NDF can be expressed by
the leading terms of the Laguerre series expansion. By this assumption,
m−1 can be calculated by [85].

m−1 ¼ m2
0m1

2m2
1−m0m2

: ð11Þ

By substituting Eq. (11) into Eq. (10), the equation system is closed.
In theMOM, themoment equation system is self-closed by imposing

a rigid restriction on the source term and the NDF. However, in contrast
to the CM, only fourmoment transport equations need to be solved. One
may ask whether other possible source terms, such as breakage and co-
alescence terms, can be treated in a similar way to form a self-closed
equation system. Unfortunately, to the best of the author's knowledge,
this is impossible due to their highly non-linear characteristics. This
limits the ability to apply the MOM to realistic industrial processes.
However, theMOM successfully transforms the NDF transport equation
tomoment transport equations, which constitute the fundamental basis
of other QBMMs.

2.2. QMOM

The main strategy of the QMOM [121] is to approximate the tedious
integrals that appear in the source terms by the n-point Gaussian quad-
rature. Mathematically, the Gaussian quadrature seeks to solve the inte-
gral numerically. For any given integral, it can be approximated by the
following equation:

Z
Ω
f xð Þdx ≈

XN
i¼1

wi f xið Þ; ð12Þ

where wi are the weights; xi are the abscissas, and N is the number of
weights (which is equal to the number of abscissas). The Gaussian
quadrature calculates the integral by N's weights and abscissas of
order 2N − 1. The essence of the quadrature-based closure is that the
abscissas and weights can be completely specified in terms of the
lower-order moments of the unknown NDF. For example, the k-th
order moments can be computed by

mk ¼
Z ∞

0
n dð Þdkdd ≈

XN
i¼1

wid
k
i : ð13Þ

Eq. (13) can be written in the following expanded form (N = 2):

w1 þw2 ¼ m0;
d1w1 þ d2w2 ¼ m1;

d21w1 þ d22w2 ¼ m2;

d31w1 þ d32w2 ¼ m3:

ð14Þ

For any given initial moments mk that correspond to a real NDF,
Eq. (14) can be used to calculate the abscissas and weights. The direct
solution to Eq. (14) requires a non-linear solver, such as the Newton–
Raphson method [151]. McGraw [121] proposed to use the product-
difference (PD) algorithm [122] to find the abscissas and weights,
where abscissa i and weight i correspond to the eigenvalue and the
first component of the ith eigenvector of the constructed tridiagonal
matrix, respectively. The PD algorithm, or another similar algorithm
(the Wheeler algorithm [123]), is usually called the moment inversion
algorithm in the field of PBM. After the abscissas and weights have
been calculated by the moment inversion algorithm, the source terms
can be calculated and the equation system is closed. In the following,
the breakage (first-order point process) and coalescence (second-
order point process) source terms are included in the moment
transported equations as an example to demonstrate how the moment
transport equations are closed in the QMOM.

The breakage and coalescence source terms are defined by [77].

S dð Þ ¼ d2

2

Z d

0

a d3−d0
3

� �1
3
;d0

� �

d3−d
03

� �2
3

n d3−d0
3

� �1
3

� �
n d0
� �

dd0

−n dð Þ
Z ∞

0
a d; d0
� �

n d0
� �

dd0 þ
Z ∞

d
g d0
� �

β djd0� �
n d0
� �

dd0

−g dð Þn dð Þ;

ð15Þ

where a(d,d′) is the coalescence kernel, which quantifies the rate of
coalescence of particles of size d (daughter particle) and d′ (mother
particle); g(d) is the breakage kernel, which quantifies the frequency
of breakage of particles of diameter d; and β(d |d′) is the daughter size
distribution function, which describes the number and size of particles
that are formed by a breakage event. The first and second terms in the
R.H.S. of Eq. (15) represent birth and death due to coalescence; the
third and fourth terms in the L.H.S. of Eq. (15) represent birth and
death due to breakage.

With the Gaussian quadrature, the death term and the birth term of
the breakage source term can be calculated by

Z ∞

0
dkg dð Þn dð Þdd ¼

XN
i¼1

dki g dið Þwi ð16Þ

and

Z ∞

0
dk

Z ∞

d
g d0
� �

β djd0� �
n d0
� �

dd0
� �

dd

¼
Z ∞

0
n d0
� �

g d0
� � Z d0

0
β djd0� �

dkdd

 !
dd0

¼
XN
i¼1

g dið Þwi

Z d0

0
β djd0� �

dkdd

 !
: ð17Þ

For a given shape of the daughter size distribution function, e.g.,
β(d |d′) = 2/di, a solution can be derived:

Z d0

0
β djd0� �

dkdd ¼
Z d0

0

2
di
dkdd ¼ 2

kþ 1
dki : ð18Þ

By substituting Eq. (18) into Eq. (17), the birth term of the breakage
becomes

Z ∞

0
dk

Z ∞

d
g d0
� �

β djd0� �
n d0
� �

dd0
� �

dd ¼ 2
kþ 1

XN
i¼1

wig dið Þdki : ð19Þ

Similarly, the death term and the birth term of the coalescence can
be calculated by

Z ∞

0
dk n dð Þ

Z ∞

0
a d;d0
� �

n d0
� �

dd0
� �

dd

¼
Z ∞

0
dkn dð Þ

Z ∞

0
a d;d0
� �

n d0
� �

dd0
� �

dd

¼
XN
i¼1

wid
k
i

Z ∞

0
a di;d

0� �
n d0
� �

dd0
� �

¼
XN
i¼1

wid
k
i

XN
j¼1

a di;dj
� �

wj

0
@

1
A ð20Þ
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and

Z ∞

0
dk

d2

2

Z d

0

a d3−d0
3

� �1
3
;d0

� �

d3−d0
3

� �2
3

n d3−d0
3

� �1
3

� �
n d0
� �

dd0

0
BB@

1
CCAdd

¼
Z ∞

0
u3 þ d0

3
� �k

3 d2

2

Z ∞

0

a u;d0
� �
u2 n uð Þn d0

� �
dd0

 !
u2

d2
du

¼ 1
2

Z ∞

0
u3 þ d0

3
� �k

3
Z ∞

0
a u; d0
� �

n uð Þn d0
� �

dd0
� �

du

¼ 1
2

Z ∞

0
n uð Þ

Z ∞

0
a u;d0
� �

u3 þ d0
3

� �k
3
n d0
� �

dd0
� �

du

¼ 1
2

XN
i¼1

wi

XN
j¼1

a di; dj
� �

d3i þ d3j
� �k=3

wj

0
@

1
A;

ð21Þ

where u3= d3− d′3. By substituting Eq. (16), Eq. (17), Eq. (20), Eq. (21)
and Eq. (15) into Eq. (5), the moment transport equations for the
QMOM with breakage and coalescence source terms can be written as
follows:

∂m
∂t

¼ 1
2

XN
i¼1

wi

XN
j¼1

a di; dj
� �

d3i þ d3j
� �k=3

wj

0
@

1
A−

XN
i¼1

wid
k
i

XN
j¼1

a di; dj
� �

wj

0
@

1
A

þ
XN
i¼1

g dið Þwi

Z d0

0
β djd0� �

dkdd

 !
−
XN
i¼1

dki g dið Þwi

The analytical solution of the integral in Eq. (21) can be calculated by
a similar way as reported in Eq. (18) once the daughter size distribution
functionwas given. After theweights and abscissas are calculated by the
moment inversion algorithm from the given initial moments, Eq. (22)
can be solved for the moments for the next time step. In the QMOM,
the integrals in the source terms are transformed to summation opera-
tions by Gaussian quadrature. If N= 3, only 6 moment transport equa-
tions need to be solved, which requires a total of 9 + 9 + 9 + 3 = 32
summation operations.

The solution procedure of the QMOM is summarized as follows:

1. From the given initial moments, calculate the weights and abscissas
by the moment inversion algorithm (e.g., PD algorithm).

2. Calculate the source term as reported in Eq. (22).
Fig. 2.Approximations of the real NDF (red solid lines)with two shapes (top and bottom) by the
(green solid lines). The real NDF evolves with respect to time and its shape changes. In the QMO
phase space. In the CM, the particle size interval is defined in advance and particle sizes are fix
ð22Þ

3. Calculate the unknown time derivatives of the moments in Eq. (22).
4. The iterative procedure is repeated from step 1.

TheQMOMdoes not provide the informationof theNDFdirectly since
it only tracks itsmoments. The abscissas andweights have no exact phys-
ical meaning because they are only parts of the quadrature approxima-
tion. Nevertheless, they can be viewed as an approximation of the real
NDF, as reported in Fig. 2. Under such assumption, the NDF can be recon-
structed by a sum of N delta functions, where each delta function repre-
sents a class of particles. Therefore, the NDF can be approximated by

n dð Þ ¼
XN
i¼1

wiδ d−dið Þ: ð23Þ

The abscissas represent the particle sizes and the weights are their
relative volume fractions. Eq. (23) is quite similar to the mathematical
definition in the CM in which the NDF is defined by [152].

n dð Þ ¼
XN
i¼1

Niδ d−dið Þ: ð24Þ

whereNi is the number of particles with diameter di. It is interesting to dis-
cuss thedifference between theQMOMand the CM. In thefixedpivot tech-
nique, the pivots (di) are fixed during the simulation, which has problems
with the over-prediction of the number density, especially in the case of
particle aggregation [152]. To overcome this problem, one solution is to
discretize the particle size over a large enough range to include all possible
sizes. In contrast, only few abscissas (e.g., N = 3) are necessary in the
QMOM and they move along the phase space axis flexibly. Meanwhile,
they change their volume fractions (weights) to minimize the committed
error. Another solution is to employ another CM technique: moving-pivot
technique [82], which offers the additional property of consistency for
more moments than for the fixed-pivot technique, was formulated.

Comparedwith other QBMMs, the QMOM is the simplest, and all the
other algorithms that are discussed in the following are derived from
the main concept of the QMOM. Due to its simplicity and robustness,
the QMOM was employed to simulate a large variety of applications,
such as gas–liquid dispersions [5,153], liquid–liquid dispersions [21],
gas–particle flows [32], pipe flows [154], aerosol dynamics [155],
and sprays [156], to cite a few. In 2016, the original paper [121] in
CM (left) and theQMOM(right)with two abscissas (black solid lines) and three abscissas
M, not only do the weights evolvewith time but also the abscissas are free to move in the
ed; only the weights of the particles evolve with respect to time.
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which the QMOM was developed was awarded the AS&T Outstanding
Publication Award by the American Association for Aerosol Research.

2.3. DQMOM

The original QMOMcan be only applied to problemswith a univariate
NDF due to the limitations of the Gaussian quadrature. One of
the motivations for the DQMOM [127] was to develop an algorithm for
solving the multivariate NDF transport equation. Another motivation
was to achieve strong coupling between the abscissas and phase
velocities, which will be discussed in Section 3.2. The main difference of
the DQMOMwith other QBMMs is that it tracks directly the primary var-
iables that appear in the quadrature approximation, rather than tracking
the moments. In this section, we focus on the algorithm of the DQMOM
for the univariate NDF transport equation, in which the difference be-
tween the DQMOM and the QMOM can be emphasized. It is straightfor-
ward to extend the DQMOM to problems with a multivariate NDF.

By substituting Eq. (23) into Eq. (2), the NDF transport equation can
be written as follows:

XN
i¼0

∂wiδ d−dið Þ
∂t

¼
XN
i¼0

δ d−dið Þ ∂wi

∂t
−
XN
i¼0

wiδ
0 d−dið Þ ∂di

∂t
¼ S: ð25Þ

Eq. (25) can be reformulated as

XN
i¼0

δ d−dið Þ ∂wi

∂t
−
XN
i¼0

wiδ
0 d−dið Þ ∂di

∂t

¼
XN
i¼0

δ d−dið Þ ∂wi

∂t
−
XN
i¼0

δ0 d−dið Þ ∂widi
∂t

þ
XN
i¼0

diδ
0 d−dið Þ ∂wi

∂t

¼
XN
i¼0

δ d−dið Þ þ diδ
0 d−dið Þ� � ∂wi

∂t
−
XN
i¼0

δ0 d−dið Þ ∂widi
∂t

¼ S: ð26Þ

Applying the moment transform to Eq. (26) yields

Z ∞

0

XN
i¼0

δ d−dið Þ þ diδ
0
d−dið Þ

� � ∂wi

∂t
−
XN
i¼0

δ
0
d−dið Þ ∂widi

∂t

 !
dd ¼ Sk:

ð27Þ

Given that ∫dkδ(d − di)dd = di
k and ∫dkδ′(d − di)dd = − kdi

k−1,
Eq. (27) can be simplified to the following:

1−kð Þ
XN
i¼0

dki
∂wi

∂t
þ k

XN
i¼0

dk−1
i

∂widi
∂t

¼ Sk; ð28Þ

which can be written in expanded form (e.g., k = 4 and N = 2):

∂w1

∂t
þ ∂w2

∂t
¼ S0;

∂w1d1
∂t

þ ∂w2d2
∂t

¼ S1;

− d21
∂w1

∂t
þ d22

∂w2

∂t

� �
þ 2d1

∂w1d1
∂t

þ 2d2
∂w2d2
∂t

� �
¼ S2;

− 2d31
∂w1

∂t
þ 2d32

∂w2

∂t

� �
þ 3d21

∂w1d1
∂t

þ 3d22
∂w2d2
∂t

� �
¼ S3:

ð29Þ

Eq. (29) can be written in matrix form:

1 1 0 0
0 0 1 1

−d21 −d22 2d1 2d2
−2d31 −2d32 3d21 3d22

2
664

3
775

∂w1

∂t
∂w2

∂t
∂w1d1
∂t

∂w2d2
∂t

2
6666666664

3
7777777775
¼

S0
S1
S2
S3

2
64

3
75: ð30Þ
Once theweights and the abscissas havebeen computed fromthe given
initial moments, the source terms in Eq. (30) can be calculated in the same
way as in the QMOM (see Eq. (22)). Thematrix that is defined in the L.H.S.
of Eq. (30), which is denoted as A, depends only on the abscissas. If the
abscissas are unique, A will be of full rank for arbitrary N. Subsequently,
the unknown time derivative can be simply calculated by A−1S:

∂w1

∂t
∂w2

∂t
∂w1d1
∂t

∂w2d2
∂t

2
6666666664

3
7777777775
¼

1 1 0 0
0 0 1 1

−d21 −d22 2d1 2d2
−2d31 −2d32 3d21 3d22

2
664

3
775
−1

S0
S1
S2
S3

2
64

3
75 ¼

a0
a1
b0
b1

2
64

3
75: ð31Þ

The solution procedure of the DQMOM is summarized as follows:

1. From the given initial moments, calculate the weights and abscissas
by the moment inversion algorithm (e.g., the PD algorithm).

2. Calculate the source terms by Eq. (22) and construct the matrix A by
Eq. (30).

3. Calculate the weights and abscissas by Eq. (31).
4. The iterative procedure is repeated from step 2.

The essence of the DQMOM is that the weights and abscissas are cal-
culated and transported directly. Therefore, the moment inversion algo-
rithm is only necessary for determining theweights and abscissas in step
1. This may be an advantage over the QMOM because the convergence
problem in the moment inversion algorithm may be prevented. How-
ever, the successful computation of DQMOM is based on the assumption
that the matrix A is full rank. When the abscissas are non-distinct, A is
not full rank; it is singular. In such cases, Eq. (30) does not have a unique
solution. In the context of QBMM, this means that not all the delta func-
tions are needed to represent the NDF [127]. To overcome this problem,
which is due to the identical node's values, it often suffices to add small
perturbations to the non-distinct abscissas, so that A becomes full rank
[127]. Due to its easy extension to problems with multivariate NDF, the
DQMOM has been employed in many different applications [157–164].

2.4. EQMOM

The QMOM and the DQMOM employ the delta function to approxi-
mate the real NDF. In such cases, the continuous NDF is represented dis-
continuously. From a mathematical point of view, the real NDF is just a
non-negative probability density function. Instead of using the Dirac
delta function to approximate the NDF, the EQMOM approximates the
NDF by a non-negative distribution function, such as the Gamma distri-
bution function [129], Beta distribution function [129], Gaussian distri-
bution function [148] or log-normal distribution function [165]. The
distribution function is called the kernel density function (KDF) in the
context of the EQMOM. Due to the capability of reconstructing a contin-
uous NDF, the EQMOM has been applied extensively in problems in
which the reconstruction of a continuous NDF is necessary [166–172].
In the following, the EQMOM with a log-normal KDF is presented as
an example to investigate the algorithm. It is straightforward to employ
other existing distribution functions as the KDF.

In the log-normal EQMOM, the NDF is approximated by

n dð Þ ≈
XN
i¼1

wiδσ d;dið Þ; ð32Þ

where δσ(d,di) is the log-normal distribution function, which is
expressed as follows:

δσ d;dið Þ ¼ 1
dσ

ffiffiffiffiffiffi
2π

p exp −
lnd−dið Þ2
2σ2

 !
; ð33Þ
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where σ is the variance of the log-normal distribution function; di and
wi are the abscissas and weights, which are usually called the primary
abscissas and primary weights in the context of the EQMOM. The pa-
rameter σ is assumed to be the same for all the KDFs to obtain a single
non-linear equation. The concept of the reconstructed continuous NDF
of the EQMOM is presented in Fig. 3. It can be seen that the continuous
NDF that is reconstructed from the EQMOM overlaps the real NDF if the
original real NDF follows a log-normal distribution function, whereas
the QMOM only predicts three discontinuous abscissas.

The moment transport equations in the EQMOM can be derived in
the same way as in the MOM or QMOM, so they are identical to the
equations that are reported in Eq. (5). Moreover, the source terms that
are calculated by the EQMOM should be identical to them as well. One
may, therefore, expect that the mean particle sizes that are predicted
by the EQMOM and the QMOM to be identical. However, because an-
other unknown parameter σ in the EQMOM needs to be calculated, an
additional moment equation is necessary to close the equation system.
For simplicity, but without loss of generality, the algorithm of the log-
normal EQMOM with two primary abscissas is discussed in the follow-
ing section.

Themoments of the NDF can be expressed by the analytical solution
of the integral of the log-normal distribution function:

mk ¼
Z ∞

0

w1

dσ
ffiffiffiffiffiffi
2π

p exp −
lnd−d1ð Þ2
2σ2

 !
dd

þ
Z ∞

0

w1

dσ
ffiffiffiffiffiffi
2π

p exp −
lnd−d2ð Þ2
2σ2

 !
dd

¼ w1 exp kd1 þ k2σ2

2

 !
þw2 exp kd2 þ k2σ2

2

 !
;

ð34Þ

which can be written in the following expanded form (e.g., N = 5):

m0 ¼ w1 þw2;

m1 ¼ w1exp d1 þ σ2

2

� �
þw2exp d1 þ σ2

2

� �
;

m2 ¼ w1exp 2d1 þ 4σ2

2

� �
þw2exp 2d1 þ 4σ2

2

� �
;

m3 ¼ w1exp 3d1 þ 9σ2

2

� �
þw2exp 3d1 þ 9σ2

2

� �
;

m4 ¼ w1exp 4d1 þ 16σ2

2

� �
þw2exp 4d1 þ 16σ2

2

� �
:

ð35Þ

Eq. (35) is closed for five unknown parameters with five equations.
Directly solving Eq. (35) requires a non-linear solver, which is
computational-resource demanding. However, if we eliminate w1, w2,
d1 and d2 from Eq. (35), a polynomial equation ofσ can be found. Unfor-
tunately, it is not convenient to obtain the analytical solution of the
polynomial equation due to the highly non-linear dependence on σ.
Fig. 3. Approximations for the real log-normal NDF (red solid line) by three nodes QMOM (lef
QMOM. Black dashed line: reconstructed continuous NDF by the log-normal EQMOM.
An iterative root finding procedure, such as Ridder's method [129,
151], can be employed to update σ. Setting

z ¼ eσ
2=2; ξ1 ¼ ed1 ; ξ2 ¼ ed2 ; ð36Þ

Eq. (35) leads to

m0 ¼ w1 þw2 ¼ m�
0;

m1 ¼ z w1ξ1 þw2ξ2ð Þ ¼ zm�
1;

m2 ¼ z4 w1ξ
2
1 þw2ξ

2
2

� �
¼ z4m�

2;

m3 ¼ z9 w1ξ
3
1 þw2ξ

3
2

� �
¼ z9m�

3;

m4 ¼ z16 w1ξ
4
1 þw2ξ

4
2

� �
¼ z16m�

4;

ð37Þ

wheremk
∗ is mathematically equivalent to themoments that are defined

in the QMOM inwhich theNDF is approximated by a delta function. The
σ finding procedure consists of the following main steps: Calculate the
corresponding mk and mk

∗ from a given initial σ. Update the primary
weights and abscissas from thefirst fourmk

∗ by themoment inversion al-
gorithm. Determine whether the given initial value of σ satisfies the
fifth equation in Eq. (37), namely

f σð Þ ¼ m4−e8σ
2
m�

4? ¼ 0; ð38Þ

wherem4 is the given initial moment, andm4
∗ equals∑i=1

5 wiξi. If f(σ) is
smaller than the machine tolerance, the guessed value of σ satisfies
Eq. (37). Ridder's method can be used to find the root of Eq. (38),
which is σ. The details of Ridder's method can be found in the literature
[151]. Here, we only summaries the iterative procedure that was ap-
plied to the EQMOM:

1. Calculate the midpoint σ3 = 0.5(σ1 + σ2) from two given initial
roots, σ1 and σ2.

2. Calculate σ4 by

σ4 ¼ σ3 þ σ3−σ1ð Þ sign f σ1ð Þ− f σ2ð Þð Þ f σ3ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f σ3ð Þ2− f σ1ð Þ f σ2ð Þ

q : ð39Þ

3. Check whether f(σ4) = 0. If yes, the iterative procedure converges.
Otherwise, repeat the iterative procedure from step 1

After σ has been found, the continuous NDF can be constructed by
Eq. (32). To calculate the moments for the next time step, the source
terms need to be calculated. One may want to calculate the source
terms in the EMOM following the procedure that was employed in the
QMOM. However, even the moment transport equations for the
EQMOM are identical with the equations in the QMOM, the closure in
the EQMOM is much more complicated than in the QMOM due to the
continuous reconstructed NDF. In the following, the breakage source
t) and one primary node log-normal EQMOM (right). Black solid line: the abscissas of the



Table 2
The numbers of the summation operations for the QMOM and the EQMOMwith different
numbers of abscissas

Number of abscissas and weights Number of summation operation

QMOM
N = 2 4
N = 3 9

EQMOM
N = 2, N′ = 10 400
N = 2, N′ = 20 1600
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terms were employed as an example to demonstrate that secondary
abscissas and weights need to be introduced to calculate the source
terms.

The death term of the breakage can be calculated by

Z ∞

0
dkg dð Þn dð Þdd ¼

Z ∞

0
dkg dð Þ

XN
i¼1

wiδσ d;dið Þ
 !

dd

¼
XN
i¼1

wi

Z ∞

0
dkg dð Þδσ d; dið Þdd

¼
XN
i¼1

wi

Z ∞

0
dkg dð Þ 1

dσ
ffiffiffiffiffiffi
2π

p exp −
lnd−dið Þ2
2σ2

 !
dd:

ð40Þ

Define

s ¼ lnd−dið Þ2
2σ2 →d ¼ exp σs

ffiffiffi
2

p
þ di

� �
→dd ¼

ffiffiffi
2

p
σ exp σs

ffiffiffi
2

p
þ di

� �
ds:

ð41Þ

Substitute Eq. (41) into Eq. (40):

XN
i¼1

wi

Z ∞

0
dkg dð Þ 1

dσ
ffiffiffiffiffiffi
2π

p exp −
lnd−dið Þ2
2σ2

 !
dd

¼ 1ffiffiffi
π

p
XN
i¼1

wi

Z ∞

−∞
exp σs

ffiffiffi
2

p
þ di

� �� �k
g exp σs

ffiffiffi
2

p
þ di

� �� �
e−s2ds:

ð42Þ

Eq. (42) can be calculated by the Gauss–Hermite formula:

XN
i¼1

wi

Z ∞

0
dkg dð Þ 1

dσ
ffiffiffiffiffiffi
2π

p exp −
lnd−dið Þ2
2σ2

 !
dd

¼ 1ffiffiffi
π

p
XN
i¼1

wi

XN j

j¼1

exp σs j
ffiffiffi
2

p
þ di

� �� �k
g exp σs j

ffiffiffi
2

p
þ di

� �� �
wj

0
@

1
A;

ð43Þ

where Nj is the number of the secondary abscissas sj and weights wj.
Eq. (43) is the final form of the death term of the breakage in the
EQMOM. It can be seen that sj and wj are introduced in order to calcu-
lated the integral in Eq. (43). We can choose a large value of Nj to im-
prove the accuracy of Eq. (43). The calculation of other terms is
neglected here for brevity. The final breakage and coalescence source
terms are reported as follows:

�Sk ≈
1
2π

XN
i1¼1

XN
i2¼1

wi1wi2

XN j

j1¼1

XN j

j2¼1

wj1wj2 ϵ3i1 ; j1 þ ϵ3i2 ; j2
� �k

3−ϵki1 ; j1−ϵki2 ; j2

� �
ai1 ; j1 ;i2 ; j2

þ 1ffiffiffi
π

p
XN
i1¼1

XN�

j1¼1

wi1w
�
j1
gi1 ; j1

�
bki1 ; j1−ϵki1 ; j1
� �

;

ð44Þ

where ai1, j1, i2, j2 = a(ϵi1, j1,ϵi2, j2), gi1, j1 = g(ϵi1, j1), and where:

bki1; j1 ¼
Z ∞

0
dkβ djϵi1 ; j1

� �
dd; ϵi1 ; j1 ¼ ϵ s j;di

� �
; ð45Þ

The solution procedure of the EQMOM is summarized as follows:

1. Guess σ; calculate the corresponding mk
∗ by Eq. (37) from the

given first even initial moments. Calculate the primary weights
and abscissas by the moment inversion algorithm (e.g., the PD
algorithm).

2. Determine whether the convergence criterion is satisfied, which is
given in Eq. (38). If yes, calculate the source terms. Otherwise,
apply Ridder's iterative procedure until the convergence criterion is
satisfied.

3. Calculate the source terms and the unknown time derivatives of the
moments in Eq. (22).
4. The iterative procedure is repeated from step 1.

In contrast to the QMOM, the EQMOM employs 2N+1moments to
calculate theN primaryweights and abscissas, and an additional param-
eter σ, which can be used to reconstruct a continuous NDF. Obviously,
the additional moment transport equation imposes increased computa-
tional resource requirement. In addition, an iterative procedurewith the
Ridder'smethod is carried out in each time-step loop. This dual-iterative
feature of the EQMOM leads to slow calculation. Sometimes the calcula-
tions diverge, depending on the initial guess for σ. However, it was
found that most of the computational resources were spent on the cal-
culation of the source terms [24], and the EQMOM can be much slower
than other QBMMs, such as the DQMOM or even the CM [173]. As re-
ported in Table 2, there are onlyN×N summation operations for the co-
alescence source terms for theQMOM.However, for the EQMOMwithN
primary abscissas and N0 secondary abscissas, there are N × N′ × N × N′
summation operations for the coalescence source terms.
2.5. CQMOM

The CQMOM was first introduced and validated for passive scalars
transportation [120] for Flash Nanoprecipitation. One year later, the
comprehensive theory of the CQMOM was presented by Yuan et al.
[128], and it was applied to active scalars (e.g., velocities). Compared
with the QMOMand the EQMOMand othermethods (e.g., themultivar-
iate QMOM [140], the tensor-product QMOM [141] or the DQMOM),
the CQMOM is a more popular method for problems with multivariate
NDF. It is based on conditional density function (CDF) theory. The CDF
represents the probability of having one internal coordinate within
an infinitesimal limit when one or more of the other internal coordi-
nates are fixed and equal to a specific value [73,128]. For clarity,
we will only discuss the algorithm of the CQMOM with two internal
coordinates, namely, particle size d and particle composition ϕ. More-
over, two abscissas for the particle size and composition are employed
as an example to demonstrate the algorithm of the CQMOM. It is
straightforward to increase the number of internal coordinates for
other problems.

The bivariate NDF, which is denoted as n(d,ϕ), can be written as

n d;ϕð Þ ¼ n ϕjdð Þn dð Þ; ð46Þ

where n(ϕ |d) corresponds to the CDF for ϕ given a fixed value of d.
Therefore, the conditional moments for ϕ are defined by

ϕh i j dαð Þ ¼
Z

ϕ jn ϕjdαð Þdϕ ¼
XNβ

β¼1

wα;βϕ
j
α;β ; ð47Þ

wherewα, β andϕα, β are the conditional weights and abscissas forϕ, re-
spectively; Nβ is the number of the abscissas for ϕ. Eq. (47) implies that
any given value of dα corresponds to a conditional moment set 〈ϕ〉j(dα).
The conditional moment set can be used to find the conditional
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weights and abscissas for the conditioned internal coordinate. It is
straightforward to show that

mi; j ¼
Z Z

diϕ jn d;ϕð Þdddϕ ¼
Z

di
Z

ϕ jn ϕjdð Þdϕ
� �

n dð Þdd

¼
XNα

α¼1

wαd
i
α

Z
ϕ jn ϕjdð Þdϕ

� �
¼
XNα

α¼1

wαd
i
α ϕh i j dαð Þ

¼
XNα

α¼1

wαd
i
α

XNβ

β¼1

wα;βϕ
j
α;β

 !
; ð48Þ

where Nα is the number of abscissas for d. Eq. (48) can be used to find
the conditional weights and abscissas for the conditional (secondary)
internal coordinate from the pure moments (mi, 0). For example, if j =
0, the weights and abscissas can be calculated by the moment inversion
algorithm (e.g., PD) as discussed in the previous sections:

m0;0
m1;0
m2;0
m3;0

2
664

3
775→

w1
w2
d1
d2

2
64

3
75: ð49Þ

After the weights and abscissas have been found, the conditional
weights and abscissas for the second internal coordinate can be calcu-
lated from the conditional moments by Eq. (47). These unknown condi-
tional moments can be calculated by Eq. (48). For example, after d1and
d2 have been calculated, the conditional moments 〈ϕ〉j(dα) can be calcu-
lated by Eq. (48), which can be written as the following expanded form
(e.g., Nα = Nβ = 2):

m0;1 ¼ w1 ϕh i1 d1ð Þ þw2 ϕh i1 d2ð Þ;
m1;1 ¼ w1d1 ϕh i1 d1ð Þ þw2d2 ϕh i1 d2ð Þ;
m0;2 ¼ w1 ϕh i2 d1ð Þ þw2 ϕh i2 d2ð Þ;
m1;2 ¼ w1d1 ϕh i2 d1ð Þ þw2d2 ϕh i2 d2ð Þ;
m0;3 ¼ w1 ϕh i3 d1ð Þ þw2 ϕh i3 d2ð Þ;
m1;3 ¼ w1d1 ϕh i3 d1ð Þ þw2d2 ϕh i3 d2ð Þ:

ð50Þ

Eq. (50) can be written in the following matrix form:

ϕh i j d1ð Þ
ϕh i j d2ð Þ

" #
¼ w1 w2

w1d1 w2d2


 �−1 m0; j
m1; j


 �
: ð51Þ

As long as the abscissas di are distinct, the Vandermonde linear sys-
tem in Eq. (51) is of full rank and the necessary conditional moments
〈ϕ〉j(d1) and 〈ϕ〉j(d2) can be calculated. By virtue of Eq. (47), the
conditional weights and abscissas can be calculated by the following
relationship:

ϕh i0 d1ð Þ
ϕh i1 d1ð Þ
ϕh i2 d1ð Þ
ϕh i3 d1ð Þ

2
6664

3
7775→

w1;1
w1;2
ϕ1;1
ϕ1;2

2
664

3
775;

ϕh i0 d2ð Þ
ϕh i1 d2ð Þ
ϕh i2 d2ð Þ
ϕh i3 d2ð Þ

2
6664

3
7775→

w2;1
w2;2
ϕ2;1
ϕ2;2

2
664

3
775: ð52Þ

The calculation of the source terms in the CQMOMneeds to take into
account the multivariate NDF. For example, the source terms for the
breakage and coalescence processes are expressed as follows [6,174]:

S d;ϕð Þ ¼ d2

2

Z d

0

Z ϕ

0

a d3−d0
3
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3
; d0
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−g dð Þn d;ϕð Þ:
ð53Þ
Eq. (53) is different from Eq. (15) due to the existence of the multi-
variate NDF, and the closure is different. Moreover, the DSD function
needs to be extended. Readers who are interested in the theory are re-
ferred to the latest works [6,73] for comprehensive information. Here,
we employ the death term and the birth term of the breakage source
term as an example, to demonstrate the calculation procedure. These
source terms can be calculated as follows:
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For a given bivariate DSD function [6]:

β d;ϕjdα ;ϕα;β

� �
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; ð56Þ

the analytical solution can be calculated by

Z dα

0

Z ϕα;β

0
diϕ jβ d;ϕjdα ;ϕα;β

� �
dddϕ

¼ 3240
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 !
: ð57Þ

By grouping Eq. (57), Eq. (55) and Eq. (54), the breakage source
terms can be written as

Sbri; j ¼
XNα
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wαg dαð Þ
XNβ
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3240wα;βd
i
αϕ

j
α;β

iþ 3 jþ 9ð Þ iþ 3 jþ 12ð Þ iþ 3 jþ 15ð Þ

 !

−
XNα

α¼1

diαg dαð Þwα
XNβ

β¼1

ϕ j
α;βwα;β

 !
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ð58Þ

As illustrated in Fig. 4, the solution procedure of the CQMOM is sum-
marized as follows:

1. Calculate the abscissas and weights for the first internal coordinate
from the given initial pure moments.

2. Construct the Vandermonde matrix from the abscissas and the
weights.

3. From the Vandermondematrix and the given initial mixedmoments
on the second internal coordinate, calculate the conditionalmoments
〈ϕ〉j(di) by Eq. (51).

4. From the calculated conditional moments, calculate the conditional
abscissas and theweights by themoment inversion algorithm. Calcu-
late the source terms by Eq. (58).

5. The iterative procedure is repeated from step 1.

As an algorithm for problems with a multivariate NDF, the CQMOM
is suitable and applicable for simulating the multiphase system with
mass transfer [174,175] and chemical reactions [176], in which the in-
ternal coordinates include particle size and composition. In addition,
the CQMOM is extensively applied to the multi-dimensional KE for
gas–particle flows, in which the velocity components (e.g., u and v)
can be treated as different internal coordinates. For such flows, the



Fig. 4. Solution procedure for CQMOM with two internal coordinates (d and ϕ). The elements in gray were given as the initial mixed moments (mi, j).
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most obvious manifestation of non-equilibrium behavior is particle tra-
jectory crossing (PTC),which can be only predictedwithmultiple veloc-
ity nodes by the CQMOM. In such cases, particles with the same size can
be transportedwith different velocities (abscissas). Readers who are in-
terested in this subject are referred to other works [128,148,171,177].

2.6. ECQMOM

TheCQMOMcanbe considered as an improvedQMOM-basedmethod
for problemswith amultivariate NDF. In such cases, the NDF is discontin-
uously approximated. Is it possible to merge the CQMOM with the
EQMOM to predict the continuous multivariate NDF? The answer to this
question seems to be yes. The ECQMOM concept was first developed
and applied for gas–particle flows in the 2D large eddy simulation (LES)
framework by Chalons et al. [148] and was discussed in detail by
Marchisio and Fox [73]. In the work of Chalons et al. [148], the
ECQMOMwithGaussianKDFwas calledmulti-Gaussian (MG)quadrature
method. Because they aimed at LES, only the ECQMOM can capture the
velocity dispersion around each quadrature point [166,171,178]. Similar
to the EQMOM, themultivariate NDF in the ECQMOM is approximated by

n d;ϕð Þ ≈
XNα

α¼1

wαδσ d;dαð Þ
XNβ

β¼1

wα;βδσα ϕ;ϕα;β

� � !
; ð59Þ

where σ and σα are the variances for the first internal coordinate and the
second internal coordinate, respectively. To solve for these two additional
Fig. 5. The solution procedure for ECQMOM with two internal coordinates (d an
unknown variances in the unclosed equation system, two additional mo-
ment equations are necessary. The solution procedure of the ECQMOM is
illustrated in Fig. 5. The calculations of the source terms and the moment
transport equations are similar to the CQMOM and the EQMOM. There-
fore, the calculation procedure of the ECQMOM is omitted here for
simplicity.

3. CFD–PBE Coupling for Inhomogeneous Multiphase Systems

All the algorithms that were discussed above can be extended for
spatially inhomogeneous multiphase systems. In such cases, the flow
field information (e.g., turbulent energy dissipation rate) needs to be
specified. The information of the flow field is usually provided by the
CFD simulation. Then, a CFD–PBE coupling procedure should be formu-
lated. The CFD–PBE coupling can be implemented in any CFD code, such
as ANSYS Fluent or OpenFOAM. Recently, an open-source OpenFOAM-
based code that is called OpenQBMM was released. The QMOM,
EQMOM and CQMOM were implemented with multiple sub-models
[179]. In the coupled CFD–PBE system, a corresponding spatial advec-
tion term and a diffusion term for fine particles [73,180] need to be in-
cluded, which will be discussed in the following sections.

3.1. CFD coupling with the QMOM and the EQMOM

In the QMOM and EQMOM in which the moments are transported,
the moment advection terms and diffusion terms (for fine particles)
should be included. Take the advection term as an example. If we
d ϕ). The elements in gray were given as the initial mixed moments (mi, j).
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apply the moment transformation in Eq. (3), the moment transport
equations can be written as follows:

∂mk

∂t
þ ∇ � Udmkð Þ ¼ Sk; ð60Þ

where Sk is the integral form of the source term, Ud is the dispersed
phase velocity, which can be predicted by the CFD. Depending on the
specific problem, Eq. (60) needs to be addressed separately. If it is
coupled with a single-phase CFD solver, it is common to implement
the moment transport equations as passive scalar transport equations,
which can be viewed as a type of one-way coupling. In such cases, the
solution of the PBE has no effect on the flow field and the implementa-
tion is straightforward. If it is coupled with a two-phase CFD solver, in
which the PBE is used to describe the dispersed phase's movement
and evolution, Ud can be calculated by the two-phase CFD solver (e.g.,
two-fluid model) and the effect of the particle size on the interfacial
force exchange term needs to be considered. In the incompressible
two-fluid model (TFM) without mass and heat transfer, the governing
equations are reported by [181–183]

∂αd

∂t
þ ∇ � αdUdð Þ ¼ 0; ð61Þ

∂αdUd

∂t
þ ∇ � αdUdUdð Þ þ ∇ � αdτdð Þ þ ∇ � αdRdð Þ

¼ −αd∇pþ αdg þMd;
ð62Þ

∂αcUc

∂t
þ ∇ � αcUcUcð Þ þ ∇ � αcτcð Þ þ ∇ � αcRcð Þ

¼ −αc∇pþ αcg−Md;
ð63Þ

where αd is the volume fraction of the dispersed phase;Ud is its average
velocity; p is the pressure shared by the two phases; τd and τc are the
viscous-stress tensors; Rd and Rc are the Reynolds-stress tensors; g is
the gravitational acceleration vector, and Md is the interfacial force
term. The CFD–PBE coupling lies in the calculation of the Md. In the
TFM, the particle size is assumed to be constant. However, in the CFD–
PBE coupling, the mean Sauter diameter for each computational grid is
calculated from the predicted abscissas and weights, and the growth
and breakage/coalescence can be included. Moreover, it is common for
strong breakage and coalescence to occur in the turbulent mixing pro-
cesses. The TFM will fail in predicting such a phenomenon.

The coupling of CFD with the moment transport equations is sum-
marized as follows:

1. Calculate the interfacial force exchange term (e.g., drag force) from
the mean Sauter diameter, which is computed from the initial mo-
ments (e.g., m3/m2).

2. Calculate the information of the flow field by the TFM with the up-
dated interfacial force exchange term.

3. Feed the calculated advection velocity into the moment transport
equations and update the moments for the next time step.

4. The iterative procedure is repeated from step 1.

The coupling of CFDwith themoment transport equations is suitable
for a large variety of applications. However, it can be seen that all mo-
ments are transported with the same dispersed velocity, as reported
in Eq. (60). Thus, all particles are moving with the same velocity: Ud.
This approximation is only applicable when the Stokes number is suffi-
ciently small that the shape of the NDF is generally narrow enough not
to have a significant size-segregation effect.

3.2. CFD coupling with the DQMOM

If theDQMOM is employed to solve the PBE, another coupling proce-
dure is required because the moment transport equations are trans-
formed to the weights/abscissas transport equations. The weights and
abscissas can be transported with different velocities, which is another
important feature of the DQMOM. The coupling is therefore applicable
for the problems with a wide NDF shape. Extending the homogeneous
DQMOM algorithm to the inhomogeneous DQMOM is straightforward;
only the advection term needs to be included in Eq. (31), which can be
written as follows:

∂w1

∂t
þ ∇ � w1U1ð Þ

∂w2

∂t
þ ∇ � w2U2ð Þ

∂w1d1
∂t

þ ∇ � w1d1U1ð Þ
∂w2d2
∂t

þ ∇ � w2d2U2ð Þ

2
6666666664

3
7777777775
¼

a0
a1
b0
b1

2
64

3
75; ð64Þ

where U1 and U2 are the advection velocities for the first abscissa and
second abscissa, respectively. If we assume

U1 ¼ U2 ¼ Ud; ð65Þ

the predicted abscissas and weights by the DQMOMwill be identical to
the results that are predicted by the moment transport equations as re-
ported in Eq. (60). However, Eq. (65) goes against themotivation of de-
veloping the DQMOM to strongly couple the internal coordinates with
the phase velocities. To predict the different phase velocities for differ-
ent internal coordinates, the DQMOM is usually coupled with the
multi-fluid model (MFM) instead of the TFM, where only one dispersed
phase velocity is predicted. It should be noted here that the calculation
of the interfacial forceMd in Eq. (62) and (63) in CFD–DQMOMcoupling
needs another strategy. In QMOM, as of only one dispersed phase is
transported, theMd can be only calculated from the mean Sauter diam-
eter updated by the QMOM. In DQMOM, the abscissas are transported
by different velocity equations, and the interfacial force (e.g., drag
force) in them can be calculated from the value of these abscissas. Fur-
thermore, the interfacial force in the continuous phase can be updated
after volumetric averaging technique.

3.3. CFD coupling with the CQMOM and ECQMOM

In the moment transport equations in the CQMOM and the
ECQMOM, special treatments need to be included, depending on the
specific problems. If the phase-space diffusion is neglected, it is enough
to add the advection terms into themixedmoment transport equations
as reported in Figs. 4 and 5. If N1 = 2 and N2 = 2, ten and thirteen mo-
ment transport equations need to be solved for the CQMOM and the
ECQMOM, respectively. This coupling procedure is similar to the cou-
pling of CFD with QMOM/EQMOM. The CQMOM and ECQMOM were
applied to simulate Flash Nanoprecipitation and droplet evaporation
[120,156]. However, for the mass transfer of species when chemical re-
actions occur, the phase-space diffusion terms should be included [174,
175]. For such problems, the drift terms should be added into the NDF
transport equation reported in Eq. (1):

∂n d;ϕð Þ
∂t

þ ∇ � Udn d;ϕð Þð Þ þ ∇ϕ ϕn d;ϕð Þð Þ ¼ S; ð66Þ

where _ϕ is the rate of continuous change of particle composition due to
molecular phenomena. Transforming the third term in the L.H.S. of
Eq. (66) to the moment terms follows the same procedure as that re-
ported in Eq. (7). Another important application of the CQMOM is to
solve the transport equation of the velocity distribution function
(VDF) to capture the PTC, which can be only predicted by multiple
values of the advection velocities. However, it should be stressed here
that the PBE is not suitable for such processes, and the coupling proce-
dure that was discussed here is not suitable for predicting PTC because
the velocity is excluded from the internal coordinate. As the discussion
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of the CFD coupling with the KE is beyond of the scope of this work,
readers who are interested in this subject are referred to other works
[128].

4. Numerical Problems and Limitations

4.1. Boundedness of the phase fraction and moments

Themoments of theNDF represent some important physical proper-
ties of the population of particles and they have to obey physical rules.
For example, when the internal coordinate is the particle diameter, m3

is linearly dependent on the phase fraction:

m3 ¼ kvα; ð67Þ

where kv is the shape coefficient that equals π/6 for a sphere particle.
Under such assumption, the transport equation of m3 (without source
terms) is equivalent to the dispersed phase fraction transport equation,
which implies

∂m3

∂t
þ ∇ � Udm3ð Þ ¼ 0 ð68Þ

equals

∂αd

∂t
þ ∇ � Udαdð Þ ¼ 0: ð69Þ

When Eq. (68) and Eq. (69) are solved by the finite volumemethod,
the key issue is to ensure the boundedness ofm3 and the phase fraction,
as unbounded solutions may look reasonable but are completely erro-
neous. By close examination of Eq. (69), the use of the upwind approx-
imation can guarantee that the phase fraction is bounded by zero, but it
cannot guarantee that it is bounded by one. If the phase equations
for both phases are solved together and an appropriate bounded
discretization scheme is applied, α ≥ 0 and the constraint α ≤ 1 will be
obeyed [184]. However, this method does not guarantee conservation,
which is a critical issue in multiphase flows with high density ratios be-
cause small phase fraction errorsmay correspond to largemass-fraction
errors. Weller [185] proposed using the following equation instead of
the original one:

∂αd

∂t
þ ∇ � Uαdð Þ−∇ � Ur 1−αdð Þαdð Þ ¼ 0; ð70Þ

whereUr is the relative phase velocity, andU is the average phase veloc-
ity, which equals αdUd + αcUc. Eq. (70) ensures the boundedness of the
phase fraction in theory. In the context of the moments, m3 should be
bounded roughly in [0,1.91], as reported in Eq. (67). Unfortunately,
the moment transport equations have the same boundedness problem
as of the∇ · Ud ≠ 0 in Eq. (60). Buffo et al. [186] were inspired byWeller
[185] to reformulate the moment transport equations as follows:

∂mk

∂t
þ ∇ � Umkð Þ−∇ � Ur 1−mkð Þmkð Þ ¼ 0; ð71Þ

It was proven that Eq. (71) ensures the boundedness of the mo-
ments [186]. However, the practical numerical procedure has limita-
tions as well:

1. Eq. (71) can only utilize the first-order scheme because of the
realizability problems, which will be discussed in the next section.
If a higher-order scheme was employed for Eq. (70), and a first
order scheme was employed for Eq. (71) separately, the predicted
αd and π/6 × m3 will be different.

2. The strict boundedness between 0 and 1 still cannot be ensured by
Eq. (70) due to its non-linear dependence on αd as shown in the
third term. A slightly negative value of αd introduces divergence of
the simulations. One possible solution is to solve the equation for
αd andαc iteratively in each time step.However, it is computationally
demanding. Another practical solution is to employ the explicit Flux-
correct transport (FCT) algorithm to solve Eq. (70), which was firstly
implemented by OpenFOAM foundation in OpenFOAM-1.4.1. There-
fore, it is reasonable to employ the FCT algorithm for the moment
transport equations as reported in Eq. (71). However, due to the
anti-diffusion procedure in FCT [187], it might introduce the
realizability problems.

Such numerical procedure needs further investigation.

4.2. Higher-order scheme and realizability

When a higher-order scheme is employed for the advection term,
Eq. (71) tends to diverge. This problem is called the moment
realizability problem or the moment corruption problem in the field of
PBM. From the aspect of CFD, the realizability refers to the solution of
a problem being physically realistic [188]. Algorithms that are not real-
izable may result in non-physical solutions or cause numerical methods
to diverge. In the context of the QBMM, whenever the moment set cor-
responds to a non-negative NDF, the moment set is realizable. Unfortu-
nately, the realizability of the moment set has been proven to be
difficult to maintain by many works when the PBE is coupled with
CFD for inhomogeneous systems [116,189–192]. This non-realizable
moment set is called the “invalid moment sets” [189]. If the invalid mo-
ment set were fed into the moment inversion algorithm, unrealizable
abscissas would be calculated (e.g., d b 0), thereby jeopardizing the sta-
bility of the simulation. The necessary and sufficient condition for the
existence of a non-negative and unique NDF for a moment set is the
non-negativity of the Hankel–Hadamard determinant [193]

Δk;l ¼
mk mkþ1 … mkþl
mkþ1 mkþ2 … mkþlþ1
⋮

mkþl

⋮
mkþlþ1

⋮
…

⋮
mkþlþl

�������
�������≥0: ð72Þ

When the Hankel–Hadamard determinant is negative, the moment
sets are invalid. However, it is not reasonable to compute all the
Hankel–Hadamard determinants in each time step. Laurent andNguyen
[192] proposed to check the positivity of the ζk, which are parameters of
the PD algorithm. When ζk is positive, the realizability criterion is
satisfied.

Different algorithmswere developed in order to overcome the prob-
lem. The correction algorithm [189] employs the first threemoments to
calculate the three parameters of the log-normal distribution function
and calculate the entire set of the realizable moments. The adaptive
Wheeler algorithm returns the largest possible set of weights and
abscissas [128]. However, when the moment transport equations are
coupled with the CFD, it does not make sense to correct the invalid mo-
ment sets in each time stepwhen the higher order scheme is employed,
as this leads tomoment corruption. Vikas et al. [194] developed a realiz-
able higher-order finite volume scheme for the KE with an advection
term, and it was lately extended by Vikas et al. [191] to the PBE with a
diffusion term. This scheme was based on the kinetics-based finite vol-
umemethod (KBFVM) [73] since it was originally developed for the KE.
However, the KBFVM is also applicable to the PBE. In the following, the
higher-order scheme proposed by Vikas et al. [194] is called the Vikas
scheme.

For the unstructured computational mesh, as reported in Fig. 6, the
NDF transport equations with constant dispersed velocity Ud can be
written as

∂n
∂t

þ ∇ � Udnð Þ ¼ 0: ð73Þ



Fig. 6. The computational cell labeled by “owner” and “neighbor” in the unstructured
computational mesh framework.
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The source terms are neglected since they do not create non-
realizability problems. If an explicit Euler time scheme is used with
the finite volume method, the updated NDF for grid labeled by “own”
for the time step t + Δt can be calculated by

ntþΔt
own ¼ nt

own−λ
X
f

Ftf n
t
f : ð74Þ

where nown and nnei is theNDF for the owner grid and the neighbor grid,
respectively; λ equals Δt/ΔVown, in which Δt is the time step;
Vown is the mesh volume; Fft and nf

t is the flow flux and the NDF defined
at the cell face “f” at time step t. If a first-order upwind scheme is ap-
plied, the nf

t can be inferred from the upwind cell's value:

nt
f ¼

nt
own; F

t
f N0

nt
nei; Ftf b0

(
ð75Þ

Substituting Eq. (75) into Eq. (74) yields

ntþΔt
own ¼ nt

own−λ
X
f

max Ftf ;0
� �

nt
own−λ

X
f

min Ftf ;0
� �

nt
nei

¼ 1−λ
X
f

max Ftf ;0
� �0

@
1
Ant

own−λ
X
f

min Ftf ;0
� �

nt
nei:

ð76Þ

It can be seen that the last term in the R.H.S. of Eq. (76) is non-
negative. If

Δt≤ min
ΔVownX

f

max Ftf ;0
� �

0
BBB@

1
CCCA ð77Þ

and the given initial NDF is non-negative, the NDF calculated by Eq. (76)
will be always non-negative. This concludes the proof that when a first-
order upwind scheme is employed for the PBE with an advection term,
the reliability problem disappearswhen the CFL condition is satisfied, as
reported in Eq. (77). The grouping procedure for the first two terms in
the R.H.S of Eq. (76) is essential to solve the realizability problem, and
it forms the basis of the Vikas scheme [73,194].

When a higher-order scheme is employed, Eq. (76) does not hold,
and it cannot be simplified by grouping. However, if we substitute
Eq. (23) into Eq. (73), it leads to

ntþΔt
own ¼

XN
α¼1

wt
α;ownδ d−dα;own

� �t−λ
X
f

Ftf
XN
α¼1

wt
α; f δ d−dα; f

� �t !
ð78Þ
By virtue of the KBFVM, the weights and abscissas on the cell face f
are split as follows:

F f

XN
α¼1

wt
α; f δ d−dα; f

� �t ¼XN
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max F f own
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� �
wt
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þ
XN
α¼1

min F f nei ;0
� �
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α; f nei

δ d−dα;nei
� �t ð79Þ

Substituting Eq. (79) into Eq. (78) yields

ntþΔt
own ¼

XN
α¼1

wt
α;ownδ d−dα;own

� �t−λ
XN
α¼1

X
f

max F f own
;0

� �
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δ d−dα;own
� �t

−λ
XN
α¼1

X
f

min F f nei ; 0
� �

wt
α; f nei

δ d−dα;nei
� �t

:

The essence of the Vikas scheme is to employ the first-order spatial
scheme for the abscissas and a higher-order scheme for the weights.
Therefore, the abscissas on the cell face can be approximated by

dα; f own
¼ dα;own; dα; f nei ¼ dα;nei: ð81Þ

Substituting Eq. (81) into Eq. (80) yields

ntþΔt
own ¼

XN
α¼1

δ d−dα;own
� �t wt

α;own−λ
X
f
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α;ownmax F f own
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δ d−dα;nei
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:

ð82Þ

For any Δt that satisfies the condition

Δt≤ min
wt

α;ownΔVownX
f

wt
α; f own

max Ftf own
;0

� �
0
BBB@

1
CCCA: ð83Þ

the NDF is non-negative. It can be seen that in the Vikas scheme, if the
first-order scheme is applied to the abscissas and the discretized time
step satisfies Eq. (83), a higher-order scheme for the weights can be
employed to prevent the moment realizability problem in the Euler ex-
plicit time marching scheme. It is straightforward to extend the Vikas
scheme to other problems, such as the PBE with diffusion terms [191].
Therefore, the discussion is omitted here for brevity. However, numeri-
cal problems still exist as discussed as follows:

1. The numerical treatment of the moments is important when the dis-
persedphase disappears. This phenomenon is called phase segregation
in multiphase flow field. For example, in the bubble columns simula-
tions, the initial bubble column is often filled by water, which implies
αd and the kth order moment is theoretically zero due to the absence
of bubbles. However, such numerical challenging settings introduce
numerical problems for the TFM and QBMMs. In TFM, it leads to the
singular problem, which can be prevented by numerical manipulation
on the source term. In such cases, the “disappeared” phase's velocity
equals the terminal velocity. In QBMMs, the phase segregation implies
the weights are zero in these computational cells. According to
Eq. (83), it implies the time step tends to zero. Otherwise the advected
moments will be unrealizable. One possible solution would be setting
the initial moments to be a relative small value [158]. Such numerical
treatment needs further investigations and verifications.

2. The Vikas scheme is suitable for Eq. (73). It was proven by Buffo et al.
[186] that it introduces unbounded solutions. In order to ensure the
boundedness, one possible solution is to employ Vikas scheme to
solve Eq. (71), in which two advection terms exist. Meanwhile, the
prediction ofm3 should be identical with αd if the TFMwas employed
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to simulate two-phase flows. However, the agreement of m3 and αd

can be only obtained by applying identical numerical scheme to
these variables. The possible solution is to combine the FCT algorithm
and Vikas scheme for the moment transport equations to ensure
boundedness. Such numerical treatment needs further investigations
and verifications.

It should be noted here that the higher-order Vikas scheme was
called “quasi-second-order” scheme by Laurent and Nguyen [192], as
of the higher-order scheme cannot be employed for the weights.
Other higher-order schemeswere proposed by them,whichwere called
ζ scheme, ζ simplified scheme, QW scheme and QW simplified scheme.
These schemes are based on the calculation of ζ, which can be calculated
by the moment inversion algorithm (e.g. PD algorithm). The simplified
schemes were also developed under the KBFVM framework, and the ζ
simplified scheme was recently implemented in the OpenQBMM
[179]. The QW simplified scheme shares large similarities with the
Vikas scheme, but the interpolation of weights and abscissas to cell
faces are omitted. The key difference lies in that the CFL number for ζ
simplified scheme and QW simplified scheme should be smaller than
1/3 and 1/2, respectively. Readers who are interested in this scheme
are referred to their latest work [192]. Benchmark test cases of ζ based
schemes need to be investigated in the future.

4.3. Reconstructed NDF

All the QBMMs track the moments instead of the NDF, which implies
that the information of the rigorous NDF cannot be directly provided by
the algorithm. The algorithm works well for breakage and coalescence
dominated processes and other similar processes where only the infor-
mation of the mean Sauter diameter is required. However, in certain
cases it introduces problems. For example, in evaporation simulations, it
leads to a zero-order moment equation that contains a term that corre-
sponds to the loss of particles of zero size. In order to evaluate this term,
the value of the NDF at d = 0 is required but is not available in the
QMOM or the DQMOM.When the NDFwas employed in LES framework,
the velocity dispersion around the velocity abscissas is also necessary. A
possible solution is to increase the number of abscissas to a large enough
value (e.g.,NN 100), such that the smallest abscissa's expected value tends
to zero. However, it was proven that the moment inversion algorithm is
not accurate for N larger than approximately 10 [123,195]. In some
works, it is even proven that these methods suffer from ill conditioning
if N N 3 [133,190,196]. Thus, the QMOM and the DQMOM cannot be
employed for certain problems.

The NDF can be calculated from the moments if the NDF is defined a
priori. For example, if the NDF is expressed as

n ¼ exp
XN
i¼1

Aid
i

 !
: ð84Þ
Fig. 7. Left: comparison of the real NDF (solid red line) with the log-normal shape and the re
Middle: comparison of the real NDF (solid red line) with the log-normal shape and the recons
dashed green lines represent the reconstructed NDF by each primary node. Right: compariso
NDF by the log-normal EQMOMwith one primary node (dashed black line).
where Ai is the unknown coefficients. The corresponding moments can
be written as

mk ¼
Z

dk exp
XN
i¼1

Aid
i

 !
dd: ð85Þ

Given N moments, the coefficients Ai can be found by Newton–
Raphson method to reconstruct the NDF. Such method was adapted
for crystallization problems [197]. The EQMOM follows similar idea. In
theory, the reconstructed NDF that is predicted by the EQMOM will
overlap with the shape of the real NDF since the parameters of the
KDF can be calculated analytically. However, because the values of σ
are often assumed to be identical in Eq. (33) to avoid the non-linear
solver, error will be introduced if two or more primary nodes are
employed. When the NDF is reconstructed from the moments, possible
problems are listed as follows:

1. If the real NDF is assumed by summation of the KDF with different
values of σ, the predicted reconstructed NDF by the EQMOMwill de-
viate from the original NDF [165,170].

2. When many primary nodes are employed, as reported in Fig. 7, the
reconstructed NDF show oscillations, which originate from the sum-
mation of the KDF [165,170].

3. The reconstructed NDF that is predicted by the EQMOM is highly de-
pendent on the shape of the KDF. It can be seen in Fig. 7 that if the
log-normal EQMOM is employed to predict the real NDF with a
beta distribution shape, it will fail because the left tail of the log-
normal distribution tends to zero, which is not the case for the beta
distribution function. Similar problems were reported in the works
by [129,165,170,198]

However, it should be stressed there that although the reconstructed
NDF that is calculated from themomentsmay deviate from the accurate
NDF, this does not affect the stability of the numerical simulation.More-
over, the predicted moments are consistent.

5. Conclusions

The PBE can be employed to model the dispersed phase in multi-
phase flows. The analytical solution of the PBE can be only obtained
under rigid assumptions. A large variety of algorithms for solving the
PBE have been developed. Among them, the QBMMs were proven to
be efficient, especially when the PBEwas coupled with CFD simulations
for multiphase flows. Over the years, the QMOM, DQMOM, CQMOM,
EQMOM, ECQMOM and HyQMOM were developed for different prob-
lems, and each has its advantages and drawbacks. In the present work,
the algorithms of these QBMMs for spatially homogeneous systems
with first-order and second-order point processes were comprehen-
sively studied. The numerical aspects when the QBMM was coupled
with CFD for inhomogeneous multiphase systems were investigated.
constructed NDF by the log-normal EQMOM with one primary node (dashed black line).
tructed NDF by the log-normal EQMOMwith two primary nodes (dashed black line). The
n of the real NDF (solid red line) with the beta distribution shape and the reconstructed
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The limitations of each algorithmwere also discussed. The boundedness
problem and the realizability problem of the moment sets when a
higher-order scheme was employed were presented and possible solu-
tions were summarized.

The numerical challenges and the limitations of the QBMM are clear,
and further studies on a more robust and efficient algorithm are indis-
pensable. Ideally, a quadrature-based moment algorithm should be
able to provide a non-negative NDF accurately within the internal coor-
dinate limits without the realizability problem. The spatial numerical
scheme should ensure the boundedness of the moments. In addition,
the algorithm should be able to capture the mathematical characteris-
tics of the equations to be solved.

In the future, the algorithmof the coupling between the CFD and the
GPBE will be reviewed.
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